Abstract. Given a group G, we prove that the 2-category of small categories with G-action and G-equivariant functors is 2-equivalent to the 2-category of small Ggraded categories and degree-preserving functors.
Introduction
Throughout this paper G is a group and k is a commutative ring, and all categories, functors considered here are assumed to be k-linear.
In [1] we have shown that the orbit category construction ( [1, 4, 6] ) and the smash product construction ( [4] ) are inverse to each other. Namely, let C be a category with a G-action and B a G-graded category. Then a G-graded category C/G, called the orbit category of C by G, is constructed; a category B#G with a free G-action, called the smash product of C and G, is constructed; and there are a (weakly) G-equivariant equivalence C → (C/G)#G and a degree-preserving equivalence B → (B#G)/G. This gives a full categorical generalization of Cohen-Montgomery duality ( [5, 2, 8, 4] ).
In this paper we extend these constructions to 2-equivalences of 2-categories. More precisely, (1) we define a 2-category G-Cat of small categories with G-actions and a 2-category G-GrCat of small G-graded categories; and (2) we extend the orbit category construction to a 2-functor ?/G : G-Cat → G-GrCat, and the smash product construction to a 2-functor ?#G : G-GrCat → G-Cat; and (3) we show that they are mutual 2-quasi-inverses. In this paper we use the word "strictly 2-natural transformation" to mean the 2-natural transformation in a usual sense (e.g., as in [3, 7] ), and the word "2-natural transformation" in a weak sense, i.e., we only require that the equalities defining the notion of usual 2-natural transformations hold up to natural isomorphisms. Thus we use the word "2-quasi-inverse" in a weak sense (although in fact a half of the equalities to define this notion hold strictly).
The paper is organized as follows. In section 1 we define the 2-category G-Cat. In section 2 we recall fundamental facts about G-covering functors from [1] . In section 3 we recall the definition and characterizations of orbit category from [1] . In section 4 we define the 2-category G-GrCat. We remark that the definition of degree-preserving functors given here is slightly weakened than that used in [1] . In section 5 we recall fundamental facts about smash products from [1] . In section 6 we extend the orbit category construction and the smash product construction to 2-functors ?/G and ?#G, respectively, and give the precise statement of the main result. In particular, it is stated 2000 Mathematics Subject Classification. 18D05, 16W22, 16W50 . This work is partially supported by Grants-in-Aid for Scientific Research (C) 21540036 from JSPS.
that ?/G is strictly 2-adjoint to ?#G. Finally, section 7 is devoted to the proof of the main theorem.
The 2-category G-Cat
First in this section we define the 2-category of G-categories.
1.1. G-categories. Definition 1.1. A pair (C, A) of a category C and a group homomorphism A : G → Aut(C) is called a category with a G-action, or a G-category. We set A a := A(a) for all a ∈ G. If there is no confusion we always denote G-actions by the same letter A, and simply write C = (C, A). Remark 1.2. Any category B can be regarded as a G-category with the trivial G-action.
′ be G-categories and E : C → C ′ a functor. Then an equivariance adjuster of E is a family ρ = (ρ a ) a∈G of natural isomorphisms ρ a : A a E → EA a (a ∈ G) such that for each a, b ∈ G the diagram
is commutative, and the pair (E, ρ) is called a G-equivariant functor. E is called a strictly G-equivariant functor if all the ρ a above can be taken to be the identity, i.e., if A a E = EA a for all a ∈ G.
Remark 1.4. Any functor F : B → B
′ is regarded as a strictly G-equivariant functor if we regard both B and B ′ as G-categories with the trivial G-actions.
1.3.
Morphisms of G-equivariant functors.
We define a composition of G-equivariant functors.
Proof. Straightforward.
2-category G-Cat.
Definition 1.7. A 2-category G-Cat is defined as follows.
• The objects are the small G-categories.
• The morphisms are the G-equivariant functors between objects.
• The 2-cells are the morphisms of G-equivariant functors.
• The composition of morphisms is the one given in the previous lemma.
• The vertical and the horizontal compositions of 2-cells are given by the usual ones of natural transformations. Proof. Straightforward.
Covering functors
Throughout this section C is a G-category and B is a category. In this section we cite definitions and statements without proofs from [1, §1].
G-invariant functors.
Definition 2.1. Let F : C → B be a functor. Then an invariance adjuster of F is a family φ := (φ a ) a∈G of natural isomorphisms φ a :
is commutative, and the pair (F, φ) is called a (right) G-invariant functor. This is nothing else than a G-equivariant functor if we regard B as a G-category with the trivial G-action.
Notation 2.4. All G-invariant functors C → B and all morphisms between them form a category, which we denote by Inv(C, B).
As a special case of Lemma 1.6, the composite of a G-invariant functor and a functor is made into again a G-invariant functor:
Lemma 2.5. Let (F, φ) : C → B be a G-invariant functor and H : B → A a functor. Then (HF, Hφ) : C → A is again a G-invariant functor, where Hφ := (Hφ a ) a∈G . We set H(F, φ) := (HF, Hφ).
G-covering functors.
Notation 2.6. Let (F, φ) : C → B be a G-invariant functor and x, y ∈ C. Then we define homomorphisms F (1) x,y , F (2) x,y of k-modules as follows.
x,y is an isomorphism if and only if F (2) x,y is.
x,y is an isomorphisms (the latter is equivalent to saying that F (2) x,y is an isomorphism by Proposition 2.7); (2) (F, φ) is called a G-covering if it is a G-precovering and F is dense (i.e., for each y ∈ B there is an x ∈ C such that F x ∼ = y in B).
Orbit categories
In this section we cite necessary definitions and statements without proofs from [1, §2] except for §3.4.
Canonical G-covering.
Definition 3.1. The orbit category C/G of C by G is a category defined as follows.
• obj(C/G) := obj(C).
such that f is row finite and column finite and that f cb,ca = A c f b,a for all c ∈ G.
• For any pair f : x → y and g :
. Then C/G becomes a category where the identity 1l x of each x ∈ C/G is given by 1l x = (δ a,b 1l Aax ) (a,b) . Definition 3.2. We define a functor P C,G := P : C → C/G as follows.
• For each x ∈ C, P (x) := x;
. Then P turns out to be a functor. Definition 3.3. For each c ∈ G and x ∈ C, set ψ c x := (δ a,bc 1l Aax ) (a,b) ∈ (C/G)(P x, P A c x). Then ψ c := (ψ c x) x∈C : P → P A c is a natural isomorphism, and ψ C,G := ψ := (ψ c ) c∈G is an invariance adjuster of P . Hence we have a G-invariant functor (P C,G , ψ C,G ) := (P, ψ) : C → C/G , which we call the canonical functor.
Proposition 3.4. The following statements hold:
(1) (P, ψ) is a G-covering functor;
Corollary 3.5. In the above, (P, ψ) is 2-universal, i.e., the induced functor
is an isomorphism of categories, where Fun(C/G, B) is the category of functors from C/G to B.
This will be used later in §6.1.
Characterization of G-covering functors.
The following gives a characterization of G-covering functors.
There exists an equivalence H : C/G → B such that (F, φ) ∼ = H(P, ψ) as Ginvariant functors; and (5) There exists an equivalence H : C/G → B such that (F, φ) = H(P, ψ).
3.3.
Other isomorphic forms of orbit categories. The orbit category constructed in Definition 3.1 has the form of a "subset of the product", which seems not to match its universality, but it is essentially a left-right symmetrized direct sum as stated below. (Note that the direct sum of modules were also constructed as a "subset of the direct product".) Definition 3.7 (Cibils-Marcos, Keller) . (1) An orbit category C/ 1 G is defined as follows.
• obj(C/ 1 G) := obj(C);
• For any x, y ∈ G, C/ 1 G(x, y) := α∈G C(αx, y); and
Similarly another orbit category C/ 2 G is defined as follows.
• obj(C/ 2 G) := obj(C);
• For any x, y ∈ G, (C/ 2 G)(x, y) := β∈G C(x, βy); and
Proposition 3.8 ([1, Proposition 2.10]). We have isomorphisms of categories
C/ 1 G ∼ = C/G ∼ = C/ 2 G.
3.4.
Composition of a G-equivariant functor and a G-invariant functor. As a special case of Lemma 1.6, the composite of a G-equivariant functor and a G-invariant functor can be made into a G-invariant functor as follows.
is a G-invariant functor, which we define to be the composite (F, φ)(E, ρ) of (E, ρ) and (F, φ).
(2) In the above if (E, ρ) is a G-equivariant equivalence and (F, φ) is a G-covering functor, then the composite (F, φ)(E, ρ) is a G-covering functor, and hence C ′ /G is equivalent to B. 
The 2-category G-GrCat
In this section we cite necessary definitions and statements from [1, §5] and add new concepts and statements to define the 2-category of G-graded categories. Here we modified the definition of degree-preserving functors in order to include the functor H in Proposition 5.4 below because H is not degree-preserving in the sense of [1] in general (see [1, Remark 5 .9]). 
for all x, y ∈ B and a, b ∈ G. If f ∈ B a (x, y) for some a ∈ G, then we set deg f := a.
(2) A degree-preserving functor is a pair (H, r) of a functor H : B → A of G-graded categories and a map r : obj(B) → G such that H(B rya (x, y)) ⊆ A arx (Hx, Hy) for all x, y ∈ B and a ∈ G. This r is called a degree adjuster of H. The composite of degree-preserving functors can be made into again a degree-preserving functor as follows.
is also a degree-preserving functor, which we define to be the composite (H ′ , r ′ )(H, r) of (H, r) and (H ′ , r ′ ).
Proof. Straightforward. Definition 4.3. A 2-category G-GrCat is defined as follows.
• The objects are the small G-graded categories.
• The morphisms are the degree-preserving functors between objects.
• The 2-cells are the morphisms of degree-preserving functors.
Smash products
In this section we cite necessary definitions and statements from [1, §5] without proofs.
Definition 5.1. Let B be a G-graded category. Then the smash product B#G is a category defined as follows.
• obj(B#G) := obj(B) × G, we set x (a) := (x, a) for all x ∈ B and a ∈ G.
where the lower horizontal morphism is given by the composition of B.
Lemma 5.2. B#G has a free G-action.
Recall the definition of the free G-action on B#G: For each c ∈ G and
Definition 5.3. Let B be a G-graded category. Then we define a functor Q B,G := Q : B#G → B as follows.
• Q(x (a) ) = x for all x (a) ∈ B#G . 
2-functors
6.1. Orbit 2-functor. First we extend the orbit category construction to a 2-functor as follows.
Then using the isomorphism (P, ψ)
This construction is visualized in the following diagram:
The explicit form of η/G is given by
for all x ∈ C. Then as easily seen, (E, ρ)/G is a strictly degree-preserving functor and η/G is a 2-cell in G-GrCat.
Lemma 6.2. The definition above extends the orbit category construction to a 2-functor
Indeed, let (P, ψ) : C → C/G be the canonical functor. Then this follows from the following strict commutative diagram:
Then we have the following strictly commutative diagram consisting of solid arrows:
Comparing the invariance adjusters this implies the following for all a ∈ G:
Then the two triangles consisting of dotted arrows and horizontal arrows are strictly commutative. This show the strict commutativity of the following as a diagram of functors:
i.e., we have P ′′ E ′ E = H ′ HP . We have to verify that this is strictly commutative as a diagram of G-invariant functors, i.e., that the following holds:
Looking at the invariance adjusters it is enough to show the following for all a ∈ G:
From (6.1) the composition with H ′ on the left yields
From (6.2) the composition with E on the right yields
Using these equalities we see that the left hand side of (6.4) is equal to
the right hand side, and the strict commutativity of (6.3) as a diagram of G-invariant functors is verified, which shows that
, H to be as in (2) above. For each P x ∈ C/G we have
to be as in (2) above. Then for each P x ∈ C/G we have
This shows that (η
Set (P, ψ), (P ′ , ψ ′ ) and (P ′′ , ψ ′′ ) to be as in (2) above. Then for each P x ∈ C/G we have
and
from which the equality follows, where ((
As a consequence, ?/G : G-Cat → G-GrCat is a 2-functor.
6.2. Smash 2-functor. Next we extend the smash product construction to a 2-functor.
′ #G is defined as follows. On objects. For each x (a) ∈ B#G we set ((H, r)#G)(x (a) ) := (Hx) (arx) .
On morphisms. For each f ∈ (B#G)(
which is an element of B ′r −1 y b −1 arx (Hx, Hy) = (B ′ #G)((Hx) (arx) , (Hy) (bry) ). Then as easily seen, (H, r)#G is a strictly G-equivariant functor, and hence (H, r)#G = ((H, r)#G, 1) :
for all x (a) ∈ B#G. Then it is easy to see that θ#G is a 2-cell in G-Cat.
Lemma 6.4. The definition above extends the smash product construction to a 2-functor
Proof. We only show that ?#G preserves the horizontal composition because the other properties for ?#G to be a 2-functor are immediate from the definition.
which shows that (θ ′ * θ)#G = (θ#G) * (θ#G).
6.3. Main theorem. We are now in a position to state our main result. 
with the property that 8) and that ε ′ C are strictly G-equivariant functors and ω B are strictly degree-preserving functors for all C ∈ G-Cat and B ∈ G-GrCat. Furthermore ε and ω ′ are strictly 2-natural transformations, and in particular, ?/G is strictly left 2-adjoint to ?#G. Namely the pasting of the diagram
is equal to the identity 1l ?/G .
7.
Proof of Theorem 6.5.
7.1. ε : 1l G-Cat → (?#G)(?/G).
Definition 7.1. Let C be an object of G-Cat and (P, ψ) : C → C/G the canonical functor. We define a G-equivariant functor ε C : C → (C/G)#G as follows. On objects. For each x ∈ C we set ε C (x) := (P x) (1) .
On morphisms. For each f : x → y in C, we set
x,y (f ) (= P (f )). Equivariance adjuster. For each a ∈ G we define a natural transformation φ a : A a ε C → ε C A a by φ a x := ψ a x for all x ∈ C, i.e., by the commutative diagram
.
Here note that ((C/G)#G)((P x) (a) , (P A a x) (1) ) = (C/G) a (P x, P A a x) ∋ ψ a x. Set φ := (φ a ) a∈G . Then we have already shown that ε C = (ε C , φ) is a G-equivariant equivalence in [1, Theorem 5 .10]. Lemma 7.2. ε is a strictly 2-natural transformation.
where the vertical arrows are the canonical functors. For each x, y ∈ C we have a commutative diagram
Ex,Ey (C/G)(P x, P y)
by which it is easy to see that the following diagram is strictly commutative:
By (1) and (2) above ε is a strictly 2-natural transformation.
Definition 7.3. Let C be an object of G-Cat and (P, ψ) : C → C/G the canonical functor. We define a G-equivariant functor ε ′ C : (C/G)#G → C as follows. On objects. For each x ∈ C and a ∈ G we set
On morphisms. Let f : (P x) (a) → (P y) (b) be in (C/G)#G. Then we have the diagram
Equivariance adjuster. For each a ∈ G we easily see that A a ε
Proof. Let (E, ρ) : C → C ′ be a morphism in G-Cat. We define a natural transformation
h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h
Then it is not hard to verify that Ψ (E,ρ) is a natural isomorphism. This shows the 1-naturality of ε
Then it is easy to check the commutativity of the diagram
of natural transformations, which shows the 2-naturality of ε ′ .
7.3. ω : 1l G-GrCat → (?/G)(?#G).
Definition 7.5. Let B ∈ G-GrCat and let (P, ψ) : B#G → (B#G)/G be the canonical functor. We define a morphism ω B : B → (B#G)/G in G-GrCat as follows. On objects. For each x ∈ B we set ω B (x) := P (x (1) ).
On morphisms. For each f : x → y in B, we set ω B (f ) := P 
∼ p x h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h
by Φ (H,r) x := φ ′ rx (Hx) (1) for all x ∈ B. Then it is not hard to verify that Φ (H,r) is a natural isomorphism. This shows the 1-naturality of ω. Now let (H ′ , r ′ ) : B → B ′ be another morphism and θ : (H, r) → (H ′ r ′ ) a 2-cell in G-GrCat. Then it is easy to check the commutativity of the diagram 
: X u u u u u strictly commutative, where Q is the canonical G-covering functor associated to the smash product. Namely it is defined as follows. On objects. For each P (x (a) ) ∈ (B#G)/G we set On morphisms. For each P (x (a) ), P (y (b) ) ∈ (B#G)/G, we have the following diagram:
((B#G)/G)(P (x (a) ), P (y (b) )) B(x, y) c∈G (B#G)(x (ca) , y (b) ) c∈G B b −1 ca (x, y).
x (a) ,y (b)
